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a b s t r a c t

We analyze ground-based radar polarimetric observations of Saturn’s rings at a

wavelength of 12.6 cm by employing the model of a vertically and horizontally plane-

parallel homogeneous slab composed of clumpy particles in the form of fractal

aggregates of small ice monomers. Our model takes full account of the effects of

polarization, multiple scattering, and coherent backscattering. Using efficient super-

position T-matrix and vector radiative transfer codes, we perform computations of the

backscattering circular polarization ratio for fractal aggregates generated with a

cluster–cluster aggregation model and having the following characteristics: monomer

refractive index m ¼ 1.78+i0.003; monomer packing density p ¼ 0.2; fractal dimensions

Df ¼ 2.5 and 3; and overall fractal radii R in the range 4pRp10 cm. In order to obtain

physically realistic values of single-scattering properties of the aggregates we perform

averaging over an ensemble of clusters generated for the same values of fractal

parameters but having different geometrical configurations of the monomers. We

conclude that in the framework of the above morphological model of Saturn’s rings and

the specific cluster–cluster aggregation procedure, it may be problematic to obtain a

satisfactory and realistic agreement between theoretical computations and the observed

values of the radar circular polarization ratio.

Published by Elsevier Ltd.
1. Introduction

In this paper we extend the analysis of the radar measurements of the backscattering circular polarization ratio for the
A and B rings of Saturn performed at a wavelength of 12.6 cm [1,2]. In our recent study [3], we employed the model of the
rings in the form of a vertically and horizontally homogeneous particulate slab and fully accounted for the effects of
polarization, multiple scattering, and weak localization (otherwise known as coherent backscattering) as well as of
nonsphericity of the ring particles. Ring particle shapes were parameterized using the models of randomly oriented
Chebyshev particles, oblate or prolate spheroids with a fixed aspect ratio, and an equiprobable shape mixture of oblate and
prolate spheroids. Our computations have demonstrated that it is impossible to reproduce the observational data without
an explicit inclusion of the effect of coherent backscattering. Also our model simulations favored the model of ring bodies
in the form of nearly spherical ice particles with small-scale surface roughness and an effective radius in the range 4–10 cm.
The ring vertical optical thickness (within the wakes) was estimated to be in the range of 2–3 or even larger.

It is not inconceivable, however, that the ring particles have more complex morphologies than those analyzed in [3].
Therefore, the next step in our analysis of the results of radar polarization observations documented in [1,2] is to
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investigate the case of ring particles in the form of aggregates composed of densely packed ice monomers. As an initial
model of such aggregates we adopt fractal clusters composed of monodisperse ice spheres. It was shown in [4] that such
aggregates can be described by the following statistical scaling law:

NS ¼ k0
Rg

r

� �Df

, (1)

where r is the monomer radius, 1pDfp3 is the fractal dimension, k0 is the fractal prefactor, NS is the number of monomers
in the aggregate, and Rg, called the radius of gyration, is a measure of the overall aggregate radius. Both Df and k0 specify the
morphology of a fractal aggregate. Densely packed aggregates have Df values close to 3, whereas the fractal dimension of
chain-like and branched clusters can be much smaller. The prefactor k0 is also related to the compactness state of a fractal
such that, for a fixed Df, the packing density tends to be smaller as k0 decreases (see, e.g., [5]).

Consistent with the above rationale, the purpose of this sequel paper is to present and discuss the results of
computations of the radar circular polarization ratio for the model of Saturn’s rings in the form of a plane-parallel random
particulate medium composed of ice fractal aggregates described by Eq. (1).

2. Computational approach

Consistent with [3], the numerical modeling of the radar circular polarization ratio for Saturn’s rings involves the
following steps:
1.
 the computation of the requisite single-scattering properties of the aggregate ring particles,

2.
 the computation of the diffuse Stokes reflection matrix through the explicit numerical solution of the vector radiative

transfer equation (VRTE),

3.
 the computation of the requisite characteristics of coherent backscattering from the diffuse Stokes reflection matrix and

4.
 the computation of the circular polarization ratio.

The procedure for the computation of the single-scattering characteristics of fractal-like ice clusters includes two steps.
First, we use the cluster–cluster aggregation procedure developed by Mackowski [6] to generate monomer positions in a
fractal aggregate. The basic idea of this method is to generate a sequence of random sphere positions subject to the
constraint that the positions, at any point in the sequence, identically satisfy Eq. (1) for given k0 and Df and that each
monomer touches at least one other monomer. Then we apply the efficient superposition T-matrix method developed for
multisphere clusters in random orientation [7]. The corresponding computer code is publicly available on-line [8], yields
numerically exact results within the range of numerical convergence, and has been extensively used in a wide range of
applications [9–11].

After the single-scattering characteristics of aggregate particles have been determined, they are used to compute the
elements of the diffuse Stokes reflection matrix. To this end, we employ a vector radiative-transfer code based on the
numerical solution of the Ambarzumian’s nonlinear integral equation and applicable to a semi-infinite homogeneous
particulate slab [12,13]. For a finite slab, we use a numerically exact computer code based on the invariant imbedding
technique [13,14].

Then the requisite characteristics of coherent backscattering are derived from the diffuse Stokes reflection matrix
according to Eqs. (14.3.21)–(14.3.25) of [13]. The final step is to obtain the circular polarization ratio from Eq. (14.5.15) of
[13].

3. Numerical results

As stated above, we use the model of Saturn’s rings in the form of a plane-parallel homogeneous slab composed of
fractal ice aggregates with the refractive index m ¼ mR+imI ¼ 1.78+i0.003. The latter corresponds to weakly contaminated
water ice at a wavelength of 12.6 cm [15]. The monomer packing density in the cluster p is fixed at 0.2, thereby
corresponding to moderately dense aggregates. To investigate the effect of the fractal dimension Df on the radar circular
polarization ratio, computations have been performed for two values: Df ¼ 2.5 and 3. In most of our calculations discussed
below, the monomer radius r is assumed to be fixed at 1 cm, while the overall cluster radius R is varied starting from 4 cm in
steps of 1 cm. The number of spherical monomers NS and the fractal prefactor k0 can then be found from the relations

NS ¼ pðR=rÞ3, (2)

NS ¼ k0
R� r

r

� �Df

. (3)

In Table 1 we list the values of NS and k0 derived from Eqs. (2) and (3) for several values of the overall fractal radius in the
range 4pRp10 cm and for Df ¼ 2.5 and 3.
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Table 1
Fractal parameter values used in model computations.

R (cm) 4 5 6 7 8 9 10

NS 13 25 43 69 102 146 200

k0 (Df ¼ 2.5) 0.83 0.78 0.77 0.78 0.79 0.81 0.82

k0 (Df ¼ 3) 0.48 0.39 0.34 0.32 0.30 – –

Fig. 1. Examples of clusters generated with the cluster–cluster procedure [6] for Df ¼ 2.5 (top row) and 3 (bottom row), R ¼ 4, 6, 8, and 10 cm, and the

corresponding values of NS and k0 listed in Table 1.
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Fig. 1 shows examples of clusters generated by the cluster–cluster procedure described in [6] for Df ¼ 2.5 and 3 and the
values of NS and k0 from Table 1. Interestingly, it appears that for the values of NS and k0 determined from Eqs. (2) and (3)
the cluster–cluster aggregation algorithm fails to perform for R410 cm when Df ¼ 2.5 and for R48 cm when Df ¼ 3. We will
see later, however, that this limitation does not necessarily affect the outcome of our study.

For each value of the overall radius R and the specified fractal parameters, we generate an ensemble of 10 fractal-
parameter-equivalent realizations of an aggregate and then average the requisite single-scattering characteristics over the
ensemble. This approach is motivated by the fact that each run of the cluster generation procedure results in a cluster with
a different and unique geometrical configuration of the monomers. Therefore, a legitimate question is whether the
scattering properties of a single fractal realization are sufficiently representative of all the clusters with the same fractal
parameter values. The results for strongly absorbing soot fractals composed of a large number of small monomers
(NS ¼ 400) documented in [16] indicate that the scattering and absorption characteristics of only one cluster realization
adequately represent the properties of the ensemble. On the other hand, the results for less absorbing particles
demonstrate that in some cases averaging over a large set of fractal-parameter-equivalent clusters must be performed [17].

Fig. 2a illustrates the range of values of the backscattering circular polarization ratio mC calculated for 10 fractal-
parameter-equivalent cluster realizations as a function of the ring opening angle B (the angle between the line of sight and
the ring plane). The computations are performed for a semi-infinite plane-parallel homogeneous layer composed of ice
clusters with different values of R and the cluster parameter values listed in Table 1. One can see that the corresponding mC

values can vary by as much as 50% with cluster realization. For R ¼ 4 cm, the range of values is rather narrow, but then it
increases with R, reaches a maximum, and then starts to decrease. We also see that with increasing Df from 2.5 (the upper
row of diagrams in panel 2a) to 3 (the lower row of diagrams) the range of variability decreases. Obviously, these results
along with those of [16,17] suggest that it is highly desirable to perform in the future a detailed and comprehensive analysis
of the effects of aggregate microphysical characteristics (such as the refractive index, number and size of monomers, and
morphology) on the scattering and the absorption properties of an ensemble of fractal-parameter-equivalent clusters. The
results shown in Fig. 2a do indicate that in order to compute physically relevant values of the radar circular polarization
ratio, it is necessary to perform ensemble averaging.

Figs. 2b and c depict model dependences of the backscattering circular polarization ratio mC on the ring opening angle B

computed for Df ¼ 2.5 and 3 and for various values of the ring optical thickness. Both figures also show the average
measured values of mC and the corresponding error bars [1,2]. We see that in all the cases considered, the model of the ring
particles in the form of ice aggregates hardly allows one to obtain a realistic agreement between the results of the
measurements and numerical simulations. For RX6 cm, even the model of optically semi-infinite rings yields values of the
circular polarization ratio that are significantly smaller than the observed ones. The situation is somewhat better for R ¼ 4
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Fig. 2. (a) Angular dependence of the maximal and minimal values of the radar circular polarization ratio for a semi-infinite particulate slab. The

computations were performed for a range of cluster realizations with the same fractal parameters but different geometric configurations of the

monomers. (b) Backscattering circular polarization ratio mC versus ring opening angle B for a plane-parallel slab consisting of ice aggregates with the

fractal dimension Df ¼ 2.5. Different colors correspond to different values of the ring optical thickness, as shown by the corresponding curve legends. (c)

As in panel (b), but for the fractal dimension value Df ¼ 3.
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and 5 cm and optical thicknesses X4. Nevertheless, the theoretical fits are significantly worse than those rendered by
Chebyshev particles, as discussed in [3], in that the range of acceptable fractal-radius values appears to be unrealistically
narrow: 3 cmpRp5 cm. It is also interesting to note that there is no pronounced fractal-dimension dependence of mC for
the two values of Df used in the computations.
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Fig. 3. (a) Angular dependence of the diffuse circular polarization ratio calculated by ignoring the effect of coherent backscattering. Different colors

correspond to different values of the ring optical thickness, as shown by the corresponding curve legends. (b) As in Fig. 2b, but for the monomer radius

0.5 cm. (c) As in the right-hand diagram of panel (b), but for mI ¼ 0.03. (d) As in Fig. 2b, but for mI ¼ 0.0003.
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4. Discussion

The results of our analysis depend, of course, on the modeling strategy chosen. Our modeling approach can be called
microphysical since it can be traced directly to the Maxwell equations [3,13,18]. The applicability of the VRTE does not
impose specific limitations on the geometrical thickness of the rings, but does rely on the assumption of a low volume
density of the scattering medium. Of course, it is not inconceivable that the particle volume density in the A and B rings of
Saturn deviates from zero significantly. However, the results of [19] suggest that the theoretical predictions based on the
VRTE should be valid for particle volume densities as high as 10%.

We have solved the VRTE assuming that the scattering medium is horizontally homogeneous, while it has been
suggested recently (e.g., [20] and references therein) that Saturn’s rings are likely to have a pronounced wake structure
with particle density between the wakes dropping to almost zero. Nevertheless, our results should remain valid if the
horizontal optical thickness of the individual wakes is significantly greater than their vertical optical thickness. Then the
retrieved vertical optical thickness values should be attributed to an average wake rather than to the vertical optical
thickness averaged over the entire horizontal extent of the rings. Indeed, recent studies do suggest that the individual
wakes are geometrically thin [21] and can be modeled as broad, flat sheets of particles with relatively empty spaces
between them [22,23]. This suggests that the plane-parallel particulate layer model used in this paper as well as in [3]
should be adequate. Furthermore, while absolute measurements of the radar reflectance can indeed be affected by a
pronounced wake structure, most 3D effects can be expected to cancel out in the computation of mC upon dividing one
radar reflectance by another.

An essential aspect of our model is the possibility to account explicitly for the effect of weak localization. Fig. 3a depicts
the theoretical angular dependences of the diffuse circular polarization ratio obtained by neglecting the effect of coherent
backscattering and using Eq. (14.5.16) of [13]. In agreement with our previous discussion in [3], the comparison of the
model results shown in Figs. 2b and c with those in Fig. 3a clearly demonstrates that neglecting the contribution of
coherent backscattering to mC cannot improve the agreement of theoretical computations with measurement data.

Fig. 3b parallels Fig. 2b, but is computed for a monomer radius of r ¼ 0.5 cm. Again, it is obvious that decreasing the
monomer radius does not result in a better fit. Of course, this result does not imply that particles with radii much smaller
than �1 cm are not present in Saturn’s rings. For example, an important constituent of the A and B rings are sub-
micrometer ice grains which cause the famous photometric and polarimetric opposition effects when they form the
regolith covering the larger ring bodies [24–29] and cause the spokes when they get levitated [30,31]. The existence of
larger regolithic grains, with radii �5–20mm, follows from analyses of spectroscopic observations [32]. However, such
particles become Rayleigh scatterers with a negligibly small optical thickness at the wavelength 12.6 cm and are
completely invisible to the radar. This explains our modeling choice of ice fractal monomers with radii �1 cm.

Another important modeling issue is the actual absorptivity of ice at the radar wavelength. There have been indications
that although water ice is the dominant component of the ring particles, it likely contains impurities lowering the albedo of
the rings at visible wavelengths [32–34]. The effect of such impurities on the imaginary part of the refractive index at
12.6 cm is unknown, but is likely to increase mI with respect to the value 0.0001 typical of pure water ice [15]. All
computations discussed above are based on the value mI ¼ 0.003. Fig. 3c shows that a further increase of mI is likely to
result in a much worse fit, apparently owing to a significant decrease in the single-scattering albedo of the fractal
aggregates and thus in a much reduced multiple-scattering contribution (including that due to weak localization) to mC. On
the other hand, the results shown in Fig. 3d indicate that using a much smaller value mI ¼ 0.0003, which is more typical of
uncontaminated water ice, results in a somewhat improved fit. However, the requisite optical thickness of the rings still
appears to be unrealistically large. Such a variability of mC with mI is not typical of solid nonspherical ice particles studied in
[3]. Obviously, the effect of mI on mC as a function of particle morphology deserves a further analysis.
5. Conclusions

The results of our computations of the backscattering circular polarization ratio demonstrate that to obtain physically
relevant values of the scattering properties of aggregate particles it is necessary to perform averaging over a variety of
aggregates generated for the same values of the fractal parameters but having different internal arrangements of
monomers. Unlike our previous results [3] obtained for nearly spherical ice particles with small-scale surface roughness, in
the case of ice fractals we could not obtain a physically satisfactory agreement between the observed values of the radar
circular polarization ratio [1,2] and the results of computations, except, perhaps, for an unrealistically narrow range of
fractal radii around �5 cm and very large optical thickness values. Thus our study shows that the model of ring particles in
the form of ice fractals generated by the cluster–cluster aggregation algorithm proposed in [6] is hardly consistent with the
results of radar polarimetry of Saturn’s rings [1,2]. We expect this conclusion to have important ramifications for the
modeling of the formation and dynamical evolution of Saturn’s rings [20,35,36].

It is worth remembering, however, that our analysis is explicitly based on the assumption that the average radar circular
polarization ratios measured for the A and B rings of Saturn and reported in [1,2] are accurate and mutually consistent. This
means that our conclusions may need to be revised should new and more reliable measurements show a significantly
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different dependence of mC on the ring opening angle. Furthermore, alternative cluster generation models should be
thoroughly examined.
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