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ABSTRACT

A direct inversion method for inverting the temperature profile from satellite-measured radiation is dis-
cussed. The nth power of the weighting function in the integral radiative transfer equation is used as the
weight in the averaging process. The vertical resolution of the inverted temperature profile and the response
of the inverted temperature profile to the measurement errors are examined in terms of #. It is found that
for smaller values of # the vertical resolution and the effect of measurement errors are reduced. When #=0,
both the vertical resolution and error effect are minimum. The temperature profile is adjusted by a con-
stant; any structure different from the initial shape cannot be resolved. This is equivalent to the case that
the entire atmosphere is treated as one layer with a fixed shape of temperature profile. When # — «, both
the vertical resolution and error effect are maximum. This is equivalent to the case that the entire atmo-
sphere is divided into m (the number of spectral channels) layers. Within each layer, the temperatures are
adjusted by a constant, and any structure different from the initial shape cannot be resolved. Also, the
shape of the final solution is closer to the initial profile if the value of # is smaller.

1. Introduction

Sensors aboard meteorological satellites measure the
outgoing radiation from the earth in a number of spec-
tral intervals. The atmospheric temperature profiles
can be retrieved from the information contained in the
measured radiation. Several important types of inver-
sion techniques have been developed in the past several
years. Among them are the statistical inversion tech-
nique (e.g., Strand and Westwater, 1968; Rodgers,
1970) and the direct inversion technique (e.g., Chahine,
1970; Smith, 1970). For statistical inversion techniques,
the climatological mean and covariance matrix of atmo-
spheric Planck radiance profiles for the area concerned
must be known in order to obtain an optimum solution
in the sense of minimum rms. For direct inversion tech-
niques, only an initially guessed temperature profile
having the same general shape as the real one is required.

In inverting a temperature profile, we would like to
use a method that will resolve the true temperature
structure as fine as possible. But this cannot be done
due to the following two factors. One is that the maxi-
mum vertical resolution of the inverted temperature
profile obtainable is restricted by the nature of the
weighting functions in the integral radiative transfer
equations. Usually, the shapes of the weighting func-
tion are broad, and the finestructure of the true tem-
perature profile might not be resolvable. The other is
that there is no unique solution for the temperature
profile for a finite number of radiation measurements.
Hence, a solution with high vertical resolution which

reveals finestructures might not be useful because the
finestructure would probably have little to do with the
actual temperature profile. To obtain a solution com-
parable with the observed, an optimum solution having
the general shape of the real profile is chosen. In order
to do so, the temperatures at different nearby pressure
levels are correlated with each other, and accordingly
the vertical resolution of the inverted temperature pro-
file is reduced.

Different sources of error are always present in the
measured radiation. Since these errors might have large
effects on the inverted temperature profile, it is impor-
tant to reduce the effect of measurement errors. In
order to reduce the effects of these errors on the in-
verted temperature profile, an averaging process has
been used by Smith (1970). Recently, Conrath (1972)
has investigated the relationship between the vertical
resolution of the inverted temperature profiles and the
effect of measurement errors by applying the theory of
Backus and Gilbert (1970).

The vertical resolution and the effects of measure-
ment errors depend on the particular inversion method
used. Ideally, we would like to use an inversion method
that increases the vertical resolution of the inverted
temperature profiles and decreases the effects of mea-
surement errors. But usually this is not possible. In
Conrath’s analysis, the problem of trade-off between
the vertical resolution and the effect of measurement
errors is investigated by assuming that the estimate of
temperature is a linear combination of the measured
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radiances. In this study, the problem of trade-off is
analyzed for a direct inversion method in which the
temperature is not estimated as a linear combination of
the measured radiances. .

It is known that the averaging process used by ..)Inlth
(1970) can reduce both the vertical resolution and the
effect of measurement errors. The weights used in the
averaging process are the weighting functions in the
integral radiative transfer equation. In principle, the
weights could be some other functions of the weighting
functions in the integral radiative transfer equation.
In this study, the nth power of the weighting function
is used as the weight. The problem of trade-off between
the vertical resolution and the effect of measurement
errors is investigated as a function of #. The dependency
of the final solution on the initial profile is also examined
in terms of the value of #.

2. Formulations

For an atmosphere in local thermodynamic equilib-
rium, the outgoing radiances in m spectral intervals in
the longwave range can be expressed as

1

Li=B{s)r:s)+ B{T(p)ldri(p),

Ti(s)
i=1,2,...,m, (1)

where I, is the outgoing radiance in the spectral interval
i, B; the Planck radiance, 7;(p) the atmospheric trans-
mission between the top of the atmosphere and the
pressure level p, and s denotes the surface. In (1), the
surface is assumed to be black.

The Planck radiance in (1) is a function of wave-
number and temperature. In order to simplify the
analysis of the problem of trade-off between the vertical
resolution and the effect of measurement errors, the
Planck radiance is linearized as a function of the
Planck radiance at a fixed reference frequency r. As
pointed out by Wark and Fleming (1966), the Planck
radiance in the 15 um CO; band can be approximated by

Bi(T)=a:B.(T)+8:, (2)

where «; and B8; are linearization constants. Then (1)
becomes

1
Ez=f Br[T(?)]dTI(P), i=1,2,...,m, (3)
Ti(8)

where .
i—Bi(s)7i(s)—BiL 1—7:
Ei=I ()7i(s)—=B:L (S)]' | @

Qg

For convenience, the subscript 7 of the Planck radiance
B.(T) will be omitted in the following discussions.
Assuming that the surface temperature has been
determined from other sources, the inversion problem is
reduced to solving the set of equations (3) for B[ T(p)],
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given the atmospheric transmission 7;(p) and the values
of E; As has been discussed by Phillips (1962) and
Twomey (1965), the set of integral equations (3) is
ill-conditioned. This means that if small errors are
introduced in E;, the solution may become unrealistic.
Even if there are no errors in E;, there is no unique
solution of the set of equations (3) for a finite number
of measurements. Because the number of measurements
is always limited and errors are always introduced in
the radiance measurements, an @ priori knowledge of
the real solution must exist in order to restrict the
inverted temperature profile to have the general shape
of the real solution. Statistical techniques make use of
the mean and covariance of the Planck radiance profiles.
For direct inversion techniques, the statistics of the
temperature profiles are not necessary, but an initially
guessed temperature profile which bears a resemblance
to the real one is needed.

For an iterative method, the temperature profile of
the jth iteration 77(p) must be known in order to calcu-
late the temperature profile Tt(p) for the next itera-
tion. Let Ef be the value of E; calculated from (3) with
temperature profile T9(p), and E; be the value of E;
calculated from (4) with I; equal to the satellite

“measured” radiance I;. Then the problem reduces to
calculating T#1(p) from FE, Ti(p), and E;. The differ-
ence between Ef and E, is due to the difference of the
corresponding temperature profiles. If we assume that
the difference between E! and E; has equal contribu-
tions from every portion of the atmosphere, then the
profile B[Ti(p)] can be adjusted by m factors C;
where i=1, 2, ..., m, to get m Planck radiance profiles
B[T¥ ’+1(p)j that will satisfy the m measured outgoing
radiances. Therefore, the proﬁle B[Ti(p)] is adjusted
to m new profiles as

BLT3(p)]=C:BLT4(p)]- ©)

The value of C; is chosen so as to satisfy

Bm / BLT(p)Jdri(1). ©)

i(s)
From (3), (5) and (6), the value of C;'is given by
Ci=E./E, (7

and finally we get the following relaxation equation for
adjusting the Planck radlance profile:

Bﬁl(lap)::BJ(P)E’i/Ei’ 1'=17 2; ceey M, (8)

where B (i,p) and Bi(p) are abbreviated versions of
BLT ' (p)] and B[ T#(p)], respectively.

B From (8), we have m inverted Planck radiances at
each pressure level. If the value of A7;(p) (the difference
of the atmospheric transmissions between the top and
bottom of a layer centered at p) is large for a particular
spectral channel 4, then the contribution of that layer
to the outgoing radiance I; is also large, and more in-
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formation about the Planck radiance at p is available
from the spectral channel i. Therefore, the Planck
radiance at each pressure level could be estimated by
averaging these m calculated Planck radiances weighted
by some functions of Ar;(p). Smith (1970) and Chow
(1974) used Ari(p) as the weights for calculating the
temperature profile. In this study, the estimate of the
Planck radiance is given by

iil BHpWi(p) Bip) igm] WHp) C,

BHI(p)=— - = . ©
X Wi) > W)

where Wi(p)=Ar:(p), and # is a positive number to be
determined. As will be discussed in the following, the
value of # will influence the degree of vertical resolution
and the effect of measurement errors.

Errors are always introduced in the measured radi-
ances. Letting I;=I:}e;, where I; is the measured
radiance, I; the true outgoing radiance, and e; the mea-
surement error, we then have

_ ALi=Bi$)1(s) =B 1—71:(s) 1} t+e:

Ci= _ =C:+Ci, (10)
—Bi(s)ri(s) —Bi{1—7:(5)]
where
€;
Ci= .
—Bi(s)r(s) =B 1—7i(s)]
From (9) we have
Bip) 3. Wip)(CrHCD
B = (11)
2 WHp)
For the case with no errors, (11) becomes
B(p)=B(p)F (p), 12)
where
F(p)= SWHOIC/E W), (13)

If n=0, then F(p)=>." ; C;/m, and the Planck radi-
ances are adjusted by a constant. When the profile of
the Planck radiance is shifted to one side, the shape of
the solution exactly resembles that initially guessed.
This is equivalent to the case that the entire atmo-
sphere is considered as one layer with a fixed shape of
B(p). Any shape different from the initial profile cannot
be resolved.

If » is very large, the problem of vertical resolution
can be explained with the aid of Fig. 1, which shows
the curves of the weighting function d7/9 Inp of three
spectral channels. The curves of the weighting function
of channels 1 and 2 intersect at 110 mb and those of
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Fic. 1. Weighting functions for three channelsin the 15 sm CO-
band. For very large values of # in (13), the atmosphere can be
considered as three layers. The Planck radiances within each
layer are adjusted by a constant.

channels 2 and 3 at 400 mb. If » is very large, then
F(p) has the following values:

(Cy, for p<110 mb

C., for 110 mb< <400 mb
F(p)=1Cs, for $>400 mb
(Cr+C)/2, for p=110 mb
(CoHC3)/2, for p=400 mb.

When these three spectral channels shown in Fig. 1 are
used for inverting temperature profiles, the atmosphere
can be considered as three layers with interfaces located
at 110 and 400 mb. The Planck radiances within each
layer are adjusted by a constant: C for the upper layer,
C, for the middle layer, and C; for the lower layer.
Since the Planck radiances within each layer are ad-
justed by a constant, the shape of the reconstructed
profile within a particular layer resembles the initial
profile. Therefore, within each layer any structure
different from the initial shape cannot be resolved. In
the neighborhood of each interface, the temperature
lapse rate might be very large. However, this large
temperature lapse rate can’ be reduced by adopting a
smaller value for ».

Generally, if # is very large and the number of
spectral channels is m, then the atmosphere can be
considered as divided into m layers, and the degree of
freedom for adjusting the temperature profile is m
(assuming that the C’s are independent of each other).
Note that increasing the value of m is equivalent to
increasing the number of layers and reducing the thick-
ness of each layer. This means that the scale of struc-
tures resolvable in the inverted temperature profile can
be reduced by increasing the value of m. But this is
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not necessarily true because the C’s are functions of
temperature profile and, accordlngly, are not indepen-
dent of each other.

A higher degree of freedom for adjusting the Planck
radiance profile implies a higher vertical resolution of
the inverted Planck radiance profile. The value of

> W)~ W) |

=1

measures the scatter of the coefficients in (13), where
the bar denotes averaging over 4. If this value is small,
then the function F(p) depends more uniformly on
-each C;, and the values of F(p) at different pressure
levels are more strongly correlated. Hence, the degree
of freedom for adjusting the Planck radiance profile
is smaller for a smaller value of

> (W)=,

A useful measure of the degree of vertical resolution
can be given as

o= =S TE W) -WGI/E Wi +1,

(14)

where ¢ is the number of pressure levels.

When #=0, then v(n)=1; the degree of freedom for
adjusting the Planck radiance profile is 1, and the
vertical resolution - is minimum. When #— o, then
v(n)=m; the degree of freedom for adjusting the Planck
radiance profile is m, and the vertical resolution is
maximum. Note that the degree of freedom for ad-
justing the Planck radiance profile cannot be greater
than m because there are only m pieces of information
on the outgoing radiances.

For a smaller value of #, the profile F(p) is closer
to the constant > 7, C;/m, and from (12) the shape
of the newly obtained Planck radiance profile B#+1(p)
is closer to that of B7(p). Therefore, the solution is
expected to have a character more similar to the initial
profile for a smaller value of #.

In addition to the problem of vertical resolution, it
is desirable to choose a value of # that will minimize
the effect of measurement errors. From (11) this value
of # is determined by minimizing

Var[E W?(P)Ci/z Wi p)],

=1

where Var[«x] is the variance of x. With the assumption
that the measurement errors ¢; are random and inde-
pendent of each other, with means equal to zero and
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variances equal to ¢?, it is found that

Var[ é WHp)Ci/ é WH(p)]

1_1[ 1) /o f - B(P)dn]

[X Wi

=1

Since we wish to reduce the effect of measurement
errors on the inverted temperatures at all pressure
levels, the problem is then reduced to minimizing the -
expression

[i Wi

To simplify the analysis of the problem of trade-off
between the vertical resolution and error effect, the
Planck radiance has been linearized according to (2).
In inverting a temperature profile, this linearization is
not necessary. Instead of using (8), the relaxation equa-
tion used in the iterative scheme is

Bi(s)7i(s)
F—Bi(s)ri(s)

Now we have m Planck radiance profiles evaluated
for m spectral channels, respectively. These m Planck
radiance profiles are transformed to another m Flanck
radiance profiles B#1(7,p) evaluated at a reference
wavenumber. This procedure can be done by trans-
forming BIt1(p) to T#1(i,p) and then to B#+(3,p) by
using Planck’s formula. Finally, the values of B#1(p)
are calculated from (9). For the purpose of speeding
up the convergence rate, the ratio term in the right-
hand side of (16) is amplified by a factor %, and the
relaxation equation (16) is thus replaced by

Bi(s)7i(s)
Bg‘l-l f
®)=5z )[ —Bi(s)7i (s)]

The constant % has a positive value. As explained by
Chow (1974), suitable values of 2 were obtained from
computational trials.

BiF'(p)= B’(p) (16)

(17)

3. Application to the 15um CO, band using
simulated data

Seven spectral intervals centered at 668.7, 679.8, 692,
701, 709, 734 and 750 cm™! with a width equal to 5 cm™?
are chosen to simulate the SIRS-B instrument on
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F16. 2. Error effect and degree of vertical resolution as functions
of weighting factor #. The solid curves are calculated by using
seven spectral channels and the dashed curve is calculated from
twelve spectral channels.

Nimbus 4. In this study, Drayson’s (1964) calculations
of the atmospheric transmission in these seven spectral
intervals are used. Eighteen pressure levels shown in
Fig. 3 are used for defining the temperature profile.

The degree of vertical resolution v(%) calculated from
(14) is shown in Fig. 2. The value of v ranges from 1 for
n=0 to the number of spectral intervals for very large
n. It increases very rapidly at small values of # and
levels off as # becomes large. Also shown in Fig. 2 is the
error effect G(n) calculated from (15) by using an
ARDC model atmosphere. The value of G increases
with n. It is reduced to a minimum as # is reduced to
zero. Therefore, for the purpose of reducing the error
effect, we would like to choose a value of # as close to
zero as possible, but for the purpose of increasing the
degree of vertical resolution we would like to choose a
value of # as large as possible. This becomes a trade-off
problem between the error effect and the degree of
vertical resolution.

Two sample atmospheres are used for the experiment.
One is in the Azores (38.75N, 27.09W) at 1200 GMT
18 May 1972. It is located at the east side of the sub-
tropical high. This sample is designated as “Sample A.”
The air mass at Swan Island (17.40N, 83.93W) at the
same time is a typical air mass of the tropics. The air
is very hot in the surface layers and very cold at the
tropopause. This is designated as “Sample B.” As a
first step, the outgoing radiances at the seven spectral
intervals are calculated from the observed temperature
profiles and the surface temperatures. These calculated
outgoing radiances are then used to simulate the
satellite-measured radiances I;, either with or without
introducing measurement errors.
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The procedure for calculating a temperature profile
given the radiance measurements and the surface tem-
perature is to cycle through the following eight steps:

1. Guess an initial temperature profile 7%(p).

2. Calculate 77 from (1).

. Calculate BI*1(p) from (17).

. Calculate T7+1(4,p) from BitHi(p).

. Calculate B*1(i,p) from T (i,p).

. Calculate B#1(p) from (9).

. Calculate T71(p) from B#(p).

. Repeat procedures 2-7 until R;— R;,1<0.0001.

QO ~I O\ UL W W

The residual R; of the jth iteration is defined as the
maximum value of

H{L=Bu(s)r:(s))/[Ti—Bi(s)r:() ]} — 11,

1=1,2, ..., m.

Figs. 3 and 4 show the results for Sample A with
random errors introduced in the satellite ‘“measured”
radiances I;. The random errors were generated from a
Gaussian distribution function with a standard devia-
tion of 0.5 erg cm™ s~ sr™' ¢m. The initial guess for
the temperature profile is an isothermal atmosphere
with a temperature equal to 273 K. Although not
shown in Fig. 3, it was found that the inverted tem-
perature profile for n=2, as shown in Fig. 3, is very
close to the one with no errors in I;. The effect of

Pressure (mb)

n=2

with random errors in
radiance measurements

500 -

6301 Radiosonde

800 —x— Inverted

1

| 1 H 1
1013 240 260 280 300

Temperature (°K)

1 |
200 220

Fic. 3. Inverted temperature profile for Sample A. Random
errors introduced in the ‘“‘measured” outgoing radiances were
generated from a Gaussian distribution function with a standard
deviation of 0.5 erg cm™% s71 5! cm. # is the weighting factor, R
the residual, & the exponent that determines the convergence rate,
and j the number of iteration.
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Fic. 4. As in Fig. 3 except for n=4.

random errors is reduced by using the weighted mean
of (9). The convergence speeds of the iterative scheme
are shown in the insert of Fig. 3. It can be seen from
the insert that the convergence rate can be increased
by changing the values of k. With the same values of

O
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- —k=15
20
20
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No random errors in
radiance measurements

650 |-
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800 —x—Inverted

L [

1 1 1 1 ] 1 1
OB =506 220 240 260

Temperature (°K)

]
280 300

F16. 5. Inverted temperature profile for Sample B with no errors
introduced in the “measured’’ outgoing radiances.
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R, the number of iterations for £=1.5 is only about
two-thirds of that for £2=1.0.

When the value of # is increased to 4, the results are

shown in Fig. 4. The deviation of the inverted tem-
perature profile from the observed profile at the lowest
layers is so pronounced that the result becomes un-
acceptable. The calculated air temperatures at the
surface and at the 650-mb level are 15°C higher and
9°C lower, respectively, than those observed. The con-
vergence speeds of the iterative scheme are shown in
the insert of Fig. 4. Comparing the values of R between
Figs. 3 and 4, the convergence speeds with n=4 are
much faster than those with #=2. For the case with
n=4 and k£=1.5, there is no essential change in R after
the 35th iteration.
. Fig. 5 shows the results for Sample B with n=4. No
errors are introduced in the satellite ‘“measured” radi-
ances. The initial guess for the temperature profile is
also an isothermal atmosphere with a temperature
equal to 273 K. It can be seen that the temperature
profile in the neighborhood of the tropopause- cannot
be inverted satisfactorily, even if the value of 7 has
been increased to 4. The sharp curve of the temperature
profile around the tropopause cannot be reproduced by
simply increasing the value of #. Although increasing
the value of » increases the degree of vertical resolution
of the inverted temperature profile, as discussed in the
previous section, the resolving power is limited by the
nature of the transmission functions.

Hogan and Grossman (1972) have shown that due
to the nature of the transmission functions, the inverted
temperature profile will bear some resemblance to the
initial profile. The local sharp changes of temperature
lapse rate can only be retrieved by the aid of some
a priori knowledge. A climatological or a predicted
temperature profile usually has the general features of
the true one. If these profiles are used for the initial
guess in' the iterative scheme together with a small
value of #, say 1, then the inverted temperature profile
can be expected to bear a shape similar to that of the
initial guess. For example, in the tropical area the air is
hot in the surface layers and is very cold in the tropo-
pause; in the stratosphere the temperature usually in-
creases with height. Sample B is typical of an air mass
in the tropics. Based on the above reasoning, another
experiment was performed. Fig. 6 shows the results for
Sample B with errors introduced in the satellite
“measured” radiances. The value of # is set equal to 1.

A temperature profile having a similar shape as the

true one is used for the initial guess. As can be seen in
Fig. 6, the inverted temperature profile above the
tropopause is improved, but that below the 500-mb
level becomes unacceptable. The inverted temperature
profile around the tropopause is similar in shape to the
initially guessed profile. By examining the errors in the
inverted temperature profile and in the radiance
“measurements,” it is found that the above-mentioned
temperature error below the 500-mb level is determined
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by the measurement errors. Therefore, the reduction
of errors from all sources ranks as one of the most
significant problems in the retrieval of temperatures
from satellite-measured radiances.

Although an increase in the number of spectral
intervals will not necessarily provide additional infor-
mation about the temperature profile, the effects of the
measurement errors can be reduced. In order to examine
how the number of spectral intervals will affect the
solution, five additional spectral intervals centered at
675, 698, 704, 714 and 745 cm™!, together with the
original seven spectral intervals, are used to calculate
the value of G. The values of G calculated from (15) by
using the seven and the twelve spectral intervals are
shown in Fig. 2. It can be seen that the values of G
calculated from the twelve spectral intervals are
smaller than those calculated from the seven spectral
intervals for any value of n. The effect of random
errors on the solution is therefore reduced.

Fig. 7 shows the inverted temperature profile for
Sample B by using the twelve spectral intervals. For
purposes of comparison with Fig. 6, the errors intro-
duced in I; for the original seven spectral intervals are
the same as those for the case shown in Fig. 6. In
comparing Fig. 6 with Fig. 7, one notices that the
errors in the inverted temperatures below the 500-mb
level are reduced. For example, the errors in the in-
verted temperatures at the 500-mb level and the surface
level are reduced from 6.5 to 5.0°C and from —11.0 to
—6.1°C, respectively.

The number of iterations indicated in the figures
would be unacceptable for practical applications. If the
iteration procedure is terminated according to the mag-
nitude of noise in the measured radiances, the number
of iterations will be greatly reduced as compared to
those shown in the figures.

4. Conclusions

The degree of vertical resolution of the inverted
temperature profile and the response of the inverted
temperature profile to measurement errors are discussed
for a particular inversion method. These properties
depend on the value of » in (9). It has been shown
that increasing the value of # increases the degree of
vertical resolution of the inverted temperature profiles,
but its stability (with respect to measurement errors)
is reduced. When #=0, the inverted temperature pro-
files resemble those initially guessed, and the vertical
resolution is minimum. This is equivalent to the case
that the entire atmosphere is considered as one layer,
any structure different from the initial profile cannot
be resolved.

When #— o, both the vertical resolution and the
effects of measurement errors are maximum. The atmo-
sphere can be considered as divided into m layers (m
is the number of spectral intervals), and the Planck
radiances within each layer are adjusted by a constant.
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Fic. 6. Inverted temperature profile for Sample B with random
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profile is indicated by open circles.

Within each layer, any structure different from the
initial profile cannot be resolved.
A small value of # will not only reduce the effects of
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F16. 7. As in Fig. 6 except that the number of spectral channe's
used is twelve instead of seven.



426

measurement errors on the inverted temperature profile,
but also preserve some characteristics of the initially
guessed profile. If we apply the direct inversion tech-
nique to the earth’s atmosphere, where a climatological
or a predicted temperature profile usually has the gen-
eral features of the true profile, a small value for #,
equal to 1 or 2, is recommended. On the other hand, if
we apply this technique to the atmospheres of other
planets, where a good initial profile is usually not avail-
able, a larger value for # should be used. This will allow
the inversion scheme to have a higher degree of freedom
for adjusting temperatures at different pressure levels
and make the solution less dependent on the initial
profile.

The computing time for inverting a temperature
profile can be reduced by either adopting a suitable
value of £ in (17) or increasing the value of #. Although
the latter is more efficient in reducing the computing
time, the quality of the inverted temperature profile
might deteriorate.
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