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Stratospheric aerosol clouds due to'very large volcanic
eruptions of the early twentieth century:

Effective particle sizes and conversion from
pyrheliometric to visual optical depth

Richard B. Stothers
Institute for Space Studies, Goddard Space Flight Center, NASA, New York

Abstract. Spectral and pyrheliometric measurements of atmospheric transmission were
made by staff members of the Astrophysical Observatory of the Smithsonian Institution at
Washington, D. C., and at Mount Wilson, California, during the years 1901-1920. These
valuable data are analyzed here with the help of a new inversion method to derive the
effective, or area-weighted, radii of stratospheric aerosols formed after three very large
volcanic eruptions in this period. After the great eruptions of Katmai (1912) and Santa
Maria (1902), r. remained close to 0.3 wm for at least two years. This near constancy of
7 has been duplicated in modern times by the aerosols from El Chichén (1982).
Following Ksudach’s (1907) eruption, r 4 grew from 0.2-0.3 pm to 0.4-0.5 wm in about 1
year. Pinatubo’s (1991) aerosols grew similarly. Generally speaking, the pyrheliometric
optical depth perturbation, as measured for the three early eruptions, is not equal to the
visual optical depth perturbation, but in fact the latter is larger by a factor of about 1.6, at

least for gz = 0.25-0.45 um. Wider physical implications of the present results are

discussed.

1. Introduction

Little information exists at present on the chemical compo-
sition and size distribution of small particles supplied to the
atmosphere by volcanic eruptions that occurred before the
eruption of Agung in 1963, Several early scientific observations
and experiments performed by Brugmans, du Vasquier, and
van Swinden on the European mainland in the course of Ice-
land’s 1783 Laki fissure eruption suggested that the widespread
ground level dry fog probably consisted in part of sulfuric acid
particles [van Swinden, 1785]. Exactly one century later, a whit-
ish haze seen high in the atmosphere after Krakatau’s explo-
sive eruption was conjectured by Kiessling [1886] to be com-
posed mostly of sulfurous gases, while sulfuric acid itself was
mentioned at least once as a possibility [Symons, 1888, p. 416].
But not until Junge et al. [1961] directly sampled an apparently
permanent stratospheric layer of sulfate aerosols, and Mossop
[1964] detected a proliferation of these aerosols following
Agung’s eruption, did the case for sulfuric acid aerosols as the
main constituent of volcanic dust veils begin to gain general
acceptance. Modern measurements of acidity excesses in the
annual layers of ice laid down in polar regions have also
strongly supported this conclusion in the case of many early
eruptions [Hammer, 1977].

Although it is now safe to presume that aerosols composed
of H,S0, in a water solution have always predominated in
volcanic dust veils, the effective particle radius has undoubt-
edly varied as much in the case of the older eruptions as it has
for modern ones. Ground-based spectral measurements of the
direct solar radiation after the 1902 eruption of Santa Maria
[Abbot, 1903; Langley, 1903a) and again after the 1912 eruption
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of Katmai [4bbot et al., 1913, 1922] revealed that the volcanic
aerosol extinction followed a wavelength dependence some-
where between A™* for Rayleigh scattering and a constant
value. This suggested that the modal radius of the dust parti-
cles responsible was “much greater” [Abbot et al., 1913] than
the radius of ordinary air molecules. More recently, Deirmend-
jian [1973] used his water-haze models to infer 2 modal value
of 0.07 pm from the Katmai data. We will show, however, that
this result seriously underestimates the modal radius.

It is now feasible to analyze much more carefully the wave-
length-dependent atmospheric transmission data: that were
published by Abbot et al. for the volcanically disturbed periods
following the great eruptions of Santa Maria (15°N, October
24, 1902), Ksudach (52°N, March 28, 1907), and Katmai (58°N,
June 6, 1912). Our main objectives here are twofold: first, to
infer the effective size of the stratospheric aerosol patticles in
the months and years after each eruption and, second, to
determine the approximate ratio of the visual and pyrhelio-
metric optical depth perturbations. This ratio, k, is needed if
one wishes to convert the large number of transmission mea-
surements made with pyrheliometers to a standard visual ref-
erence wavelength of A = 0.55 um.

2. Data and Reduction Methods

In 1901 the Astrophysical Observatory of the Smithsonian
Institution (APO) under the direction of S. P. Langley and,
later, C. G. Abbot began a program of systematic pyrheliomet-
ric and spectrobolometric observations of the cloud-free Sun
that continued in various parts of the world for six decades.
The purpose was to determine the solar constant and its pos-
sible variations. The history of this program has been sketched
by several authors, notably by Hoyt [1979]. i

The part of the program that concerns us here occupied the
first two decades, during which occurred the two greatest twen-
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tieth century eruptions before Agung. In those years the main
observing sites were Washington, D. C. (39°N) [Langley, 1903b,
1904; Abbot, 1903; Abbot and Fowle, 1908] and Mount Wilson,
California (34°N) [Abbot and Fowle, 1908; Abbot et al., 1913,
1922]. The Washington observations covered the years 1901-
1907, and the Mount Wilson ones 1905-1906 and 1908-1920.
Two very short series of measurements made at Mount Whit-
ney, California (37°N) in 1909-1910 and at Bassour, Algeria
(36°N) in 1912 [Abbot et al., 1913] can be only approximately
calibrated and so will not be utilized here. After the great
eruptions of 1902 and 1912, Abbe [1904] and Kimball [1913]
petitioned astronomers to supply any unpublished extinction
measurements of starlight. Unfortunately, the resulting sets of
stellar data are of little practical value, being uncalibrated and
very crude [Stothers, 1996].

Owing to the humid climate of Washington, D. C,, the ear-
liest spectrobolometric observations of the Sun are not of the
best quality, and Abbot and Fowle [1908] eventually published
a final list of only their most reliable transmission measure-
ments (for 1902-1907) which will necessarily be adopted here.
A much larger number of measurements are available for
Mount Wilson, and almost all are useful. The only data re-
jected by us include measurements on the following dates: May
25,1904 (Washington); June 4, 1908; July 31, 1912 (afternoon);
August 8, 1913; September 24, 1913; August 5, 1914; Septem-
ber 3, 1915 (A = 1.00 wm); and August 10, 1916. The 1915
entry appears to be a typographical error, while the measured
transmission decreases on the other seven dates are several
standard deviations away from the running mean. Neverthe-
less, their omission does not significantly affect our final re-
sults, which are based on averages over a large number of days.
The Mount Wilson observations span only the months April
through November, and do not include all of these months in
every year.

All spectrobolometric measurements were obtained with a
prism instrument, utilizing many narrow spectral bands. How-
ever, Abbot et al. published their final results only for a few
selected wavelengths. Since the most abundant published data
refer to A = 0.35, 0.40, 0.45, 0.50, 0.60, 0.70, 0.80, 1.00, 1.20,
and 1.60 um, we will use just these 10 wavelengths. Data are
either unavailable or unreliable at some wavelengths shorter
than 0.50 pm for some of the years, especially at Washington,
D. C. In any case, high absolute accuracy in these ground-
based data cannot be expected for the ultraviolet wavelengths,
A = 0.40 pum [Abbot et al., 1913; Deirmendjian and Sekera, 1956;
Dunkelman and Skolnik, 1959; Roosen et al., 1973]. Further-
more, some diffuse light inevitably enters the measuring appa-
ratus along with the directly transmitted solar beam and must
constitute a growing percentage of the total received flux with
decreasing wavelength and with increasing aerosol optical
depth. In the case of aerosol optical depths less than 0.3, which
are relevant here, this percentage should nevertheless fall un-
der 1% for A = 0.35 um [Abbot et al., 1932; Sutheriand et al.,
1975]. To supplement the spectrobolometric measurements,
simultaneous pyrheliometric measurements were also made by
the APO observers. .

Monthly means of the daily direct beam atmospheric trans-
missions normalized to the zenith have been formed here from
the published APO tabular data, just as given. These monthly
means are then averaged together to obtain annual means,
which are shown in Figure 1 for Washington, and in Figure 2
for Mount Wilson. Notice the abrupt transmission decreases in
1903, 1907 (May), and 1912 due to the three very large volcanic
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Figure 1. Annual mean atmospheric transmission at Wash-

ington, D. C,, for eight wavelengths. Not shown is the uncertain
transmission at A = 0.40 pum.

eruptions. After a 2-year period of recovery from the 1912
eruption, another prolonged, but very slight, drop in transmis-
sion occurred between 1916 and 1919. This drop may be
present also in pyrheliometric measurements made at Uppsala
{60°N), Sweden [Volz, 1968], but, elsewhere, it was not system-
atically or consistently detected. Although Kimball {1916, 1917)
and other observers noted some possible independent indica-
tions of a weak volcanic disturbance to the atmosphere be-
tween July 1916 and early 1917, the effect of the visible haze on
atmospheric transmission was essentially negligible [Kimball,
1924], and it did not persist past 1917. On the other hand, D.
Hoyt (personal communication, 1996) has pointed out the po-
tential atmospheric effects of large eruptions of Tungurahua
(1°S), Ecuador, in 1916 and 1918. Three other large northern
hemisphere eruptions also occurred during the period 1917-
1919. To be on the safe side, we will adopt as essentially
unperturbed years only 1902, 1905, 1906, 1909, 1910, and 1911.
Although two Caribbean volcanoes, Soufriere and Pelée,
erupted in May 1902, the atmospheric turbidity declined to a
fairly small level by October, which is the only month in that
year for which useful Washington observations exist [Abbot
and Fowle, 1908].

Relative to these assumed normal years, monthly optical
depth perturbations, 7,, have been computed by using the
following expression derived from Bouguer’s law [Stothers,
1996]:

7, = In [IM(A/Ip(M)] (1)

where I, is the average atmospheric transmission for the vol-
canically disturbed month and 7, refers to the same month
during unperturbed conditions. In an analogous way, the
pyrheliometric extinction, 7,,,, can be computed.

It is important to compare the same months, because I,
varies slightly from month to month and the variation increases
at shorter wavelengths [Roosen et al., 1973]. To illustrate this
fluctuation, Figure 3 displays mean monthly transmissions at
Mount Wilson for the period 1909-1911. In independent stud-
ies of the large optical depth perturbations of July and August
1912, Abbot et al. [1913], Deirmendjian [1973], and Volz [1975]
simply compared those two months with the preceding month.
Although the optical depth perturbations in 1912 were large
enough to minimize any likely incurred error, this would not be
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Figure 2. Annual mean atmospheric transmission at Mount Wilson, California, for 10 wavelengths.

true for the smaller optical depth perturbations of other years
that dre also of interest in the present paper. The only impor-
tant source of potential error iii the reference year method that
we have adopted is a possible difference of water vapor content
on clear days between perturbed years aiid unperturbed years.
Larigley [1904], however, has shown that such differences are
negligible even it the highly variable climate of Washington,
D. C. This is also true of Moiint Wilson [Turco et al., 1982].

A final detail: June 30, 1912, being the first day of the
measured high turbidity at Mount Wilson [4bbot et al., 1922],
has been grouped with the next month’s observing days in
forming the July average for that year.

3. Wavelength Dependence of Volcanically
Produced Extinetion

In order to minimize the effects of measiirement errors and
of day-to-day fluctuations in the observational data, averages
over large amounts of data have been taken. This necessitates
making a trade-off between high optical depth accuracy and
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Figuie 3. Monthly mean atmospheric transmission at Mount
Wilson, California, during the unperturbed period 1909-1911,
for eight wavelengths. Curves for A = 1.20 and 1.60 um are not
shown, but are very similar to the curve displayed for A = 1.00
pm.

high time resolution. We have found that the use of annual
means of the monthly averages produces the most reliable
results from the presernt data. Accordingly, annual mean opti-
cal depth perturbatios are plotted as a function of wavelength
in Figures 4 and 5 for the volcanically disturbed years 1903
1904 (averaged), 1908, 1912, 1913, and 1914. Data for 1907 are
available only for two days in May and therefore are not plot-
ted. However, Table 1 lists these data (showing their scatter)
along with the data for tlie other years. For 1903-1904, only 20
sets of usable daily observations are available over the whole
2-year period, and so a biennial average is necessary. In the
four other years, the tabulated annual means are, in reality,
summer seasonal means. It is only for the summer of 1912,
right after the June 6 eruption of Katmai, that further infor-
mation might be expected to be gained by treating the July and
August data separately. However, individual analyses for the
two moriths yield very similar results (section 4).

Exrror bars assigned to the optical dépths represent 1o stan-
dard errors of the annual means. They reflect mostly the large
day-to-day turbidity fluctuations throughout the year. Eriors in
measurement of the daily atmospheric transmissions have been
estimated to be only about 2% for both Washington [4bbot,
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Figure 4. Spectral extiriction curves for the optical dcpth
perturbations detected over Washmgton D. C, in 1903-1904
and over Mount Wilson, California, in 1908.
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Figure 5. Spectral extinction curves for the optical depth
perturbations detected over Mount Wilson, California, in 1912,
1913, and 1914.

1903] and Mount Wilson [Roosen et al., 1973]. Secular trends
of the turbidity also introduce only a minor contribution to the
plotted error bars around the annual means.

Shapes of the extinction curves, at least over the wavelength
range 0.40 = A (um) = 1.60, resemble those measured after
large volcanic eruptions in modern times, using both Sun and
star photometry (see the references cited in section 4). Shortly
after the ash phase of a modern eruption, the extinction curve
appears quite steep at all wavelengths. But as time progresses
it begins to flatten out, starting at the shorter wavelengths. The
peculiar sharp rises of the 1912, 1913, and 1914 extinction
curves for A < 0.40 um are unparalleled in modern experience
and therefore are to be doubted as to their physical reality,
especially in view of the known uncertainty of the APO mea-
surements for A = 0.40 um (section 2). These sharp rises will
be ignored in what follows.
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Figure 6. Light scattering efficiericy factor O as a function of
size parameter x = 2ar/A for a refractive indexm = 1.43 —
0i (A. Lacis, personal communication, 1996). Dashied curve
represents a smooth, eleventh-order polynomial fitted through
the eight points: x = 0 (minimum), 1.0, 4.9 (maximum), 7.0,
9.0 (minimum), 12.7 (maximum), 15.0, and 16.0.

4. Effective Particle Sizes

The total acrosol optical thickness of the atmosphere, com-
puted for a column of homogeneous spherical scatterers (Mie
particles) in the direction of the zenith; is

Ty = fx ar’ Q(m, A, rin(r)H dr. . (2)
0

Here Q(m, A, r) is the light scattering efficiency factor, m is
the complex refractive index of the particles, n(r) is the aver-
age number density of particles with radii between r and r +
dr, and H is the total column height. Note that the spectral
dependence of T, arises wholly through Q, which for an as-
signed refractive index can be represented uniquely as a func-
tion of the size parameter x = 2#r/A. A plot of O versus x,
derived in the single-scattering approximation [Hansen and
Travis, 1974; also A. Lacis, personal communication, 1996], is
shown in Figure 6 for aerosols composed of 75% sulfuric acid

Table 1. Wavelength-Dependent Optical Depth Perturbations (Multiplied by 1000) due to
the Eruptions of Santa Maria, Ksudach, and Katmai

Wavelength, pum

Year Month Ngs 035 040 045 050 060 070 080 100 120 1.60
1903-1904  Jan.-Dec. 20 84 98 85 71 66 51 38 26 5
37 22 20 20 14 11 8 7 5
1907 May 2 78 163 111 105 63 57 16 2 0
82 38 28 6 23 17 33 22 49
1908 June-Oct. 97 37 28 33 27 25 24 22 17 15
6 6 5 4 3 2 2 1 1
1912 July-Aug. 53 223 161 145 138 116 105 88 62 48 39
9 9 9 8 8 8 7 6 5 4
1913 Aug.—Oct. 67 110 51 45 50 43 33 25 15 7 3
6 5 5 4 4 3 2 2 1 1
1914 June-Oct. 85 74 13 5 12 9 7 5 1 0 0
6 5 5 4 4 3 2 2 1 1

N is the number of observations. First row for each year gives the mean optical depth perturbation,

while second row gives the standard error of the mean.
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Table 2. Summary of Spectral Extinction Data and Results of Analysis

Year Month Nobs To.55 To.80 prr )\pyra m k a Pom, IR
1903-1904  Jan.-Dec. 20 0.078  0.051 0.053 0.78 147 11 0.31
1907 May 2 0.108  0.057 0.067 0.69 1.61 1.7 0.24
1908 Juane-Oct. 97 0.030  0.024 0.012% 0.6 0.46
1912 July-Aug, 53 0.127  0.088 0.083 0.84 1.53 1.0 0.33
1913 Aug.—Oct. 67 0.046  0.025 0.028 0.76 164 16 0.31
1914 June-Oct. 85 0.010  0.005°  0.005° 0.36
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#Too small to reliably evaluate k.
*Too small to reliably evaluate a.

and 25% water; the corresponding index of refraction is taken
tobem = 1.43 — 0i. Whatever uncertainty exists concerning
the correct value of m to use will generally lead to very little
error in the retrieved values of n(r) [King et al., 1978).

The simplest case to consider is that of monodisperse, or
nearly monodisperse, particles. If N is the integral of n(r) over
all r, then

T, = 7r’*Q(m, x) NH. 3)

A plot of Q versus x thus becomes equivalent to a plot of 7,
versus 1/A. For small x, O increases roughly linearly with x,
while for very large x, Q undergoes a damped oscillation,
equaling 2 in the mean [Chylek, 1978]. Consequently, at long
wavelengths 7, varies roughly as A™!, while at short wave-
lengths (or for very large particles) r, is nearly independent of
A. The remarkable first maximum of Q leads to a useful diag-
nostic for spectral extinction plots: a broad maximum in 7,.
This maximum peaks at A, =~ 0.55r/(m — 1) forIm (m) =
0 and 1.33 = Re (m) = 1.55 [van de Hulst, 1957].

In the general case of polydispersions, (2) represents a Fred-
holm integral equation of the first kind, with a kernel equal to
mr? QH. If complete wavelength information were available,
an exact inversion of (2) could be performed to retrieve n(r).
Since, however, data are available at only a few wavelengths
and have large estimated errors, a detailed analysis seems
unwarranted; therefore a quick alternative method has been
devised here (see the appendix). Specifically, Q(x) is approx-
imated by a polynomial over a sufficiently large domain of x,
and n(r)/N is represented by a unimodal lognormal distribu-
tion with a modal particle radius 7, and a geometric standard
deviation ¢,. These approximations permit an analytic integra-
tion of (2). The resulting theoretical T, curves for different (r4,

ability, measurement errors, data averaging, etc.) lead to about
the same rms residual for any smooth fit with just two param-
eters. Only the effective radius, therefore, is well determined,
and hence it alone is entered in Table 2. The theoretical
curves, being dependent on r.g, are exhibited with the obser-
vational points in Figures 7 and 8. If the solutions are redeter-
mined by using different subranges of wavelength, e.g., 0.45-
1.2 wum, essentially the same results emerge. For a coarse
quantity like 7., it probably matters little in practice (except in
pathological cases) whether one mode or several are assumed,
or even whether or not the inversion method assumes a specific
form for the particle size distribution [Russell et al., 1996].

Over the effective lifetime of Katmai’s aerosol cloud, from
1912 to 1914, r g appears to have remained close to 0.3 pm.
For Santa Maria, all we can say is that the 2-year (1903-1904)
average value of r & was also about 0.3 um. One year after the
eruption of Ksudach (1907), however, 74 had increased from
an initial value of 0.2-0.3 pm to 0.4-0.5 pm.

These results for Katmai (and probably also for Santa
Maria) resemble closely those derived in a similar way for El
Chichén, which erupted in March 1982 [King et al., 1984; Spin-
hirme and King, 1985; Asano et al., 1985; Davies et al., 1988,
Brogniez and Lenoble, 1991; Dutton et al., 1994]. Lidar mea-
surements made after El Chichén confirm the extinction-based
results [Chazette et al., 1995], and in situ particle counters have
also given values of 0.2-0.3 um [Hofmann and Rosen, 1983,
1984; Knollenberg and Huffiman, 1983; Oberbeck et al., 1983;
Snetsinger et al., 1987].

In the case of Ksudach, the increase of r.4 to ~0.5 um the
year after the eruption has been mimicked in the aftermath of

o,) combinations are then compared with the observations, and | T . . .
the best fit values of r; and o follow from a grid search for the
smallest residual computed for the various fits. The method has 012 - T 7
been validated by using a published test case (see the appendix). oo L
Each of the observed 7, curves in Figures 4 and 5 yields "} 1903-1904 i
infinitely many possible solutions, consisting of a continuum of T, 008 |- i
(r,, o,) combinations that produce practically the same effec-
tive, or area-weighted, particle radius defined by [van de Hulst, 0.06 L N
1957; Hansen and Travis, 1974] 1
. . 004 1= 4908 I 7
Fog = J rarin(r) dr/f ar‘n(r) dr. (4) 002 | T |
0 0 z
For a lognormal distribution, (4) is just ’ 0s 04 05 06 07 08 10 12 16
A
re=ry exp [(5/2) In® o). (5) e

This indeterminacy regarding r, and o, arises because the
irregularities of the observed 7, curves (due to aerosol vari-

Figure 7. Theoretical spectral extinction curves fitted to the
optical depth perturbations detected over Washington, D. C,,
in 1903-1904 and over Mount Wilson, California, in 1908.
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Figure 8. Theoretical spectral extinction curves fitted to the
optical depth perturbations detected over Mount Wilson, Cal-
ifornia, in 1912, 1913, and 1914.

Pinatubo’s great eruption in June 1991. Effective particle sizes
during the period 1991-1994 were derived from spectral ex-
tinction measurements [Asano et al., 1993; Stone et al., 1993;
Russell et al., 1993, 1996; Pueschel et al., 1994; Dutton et al.,
1994; Grainger et al., 1995; Saxena et al., 1995; Herber et al.,
1996; Moorthy et al., 1996], lidar measurements [Russell et al.,
1993; D’Alworio et al., 1993; Chazette et al., 1995], and in situ
particle counts [Deshler et al., 1993; Pueschel et al., 1994; Good-
man et al., 1994; Jonsson et al., 1996]. As in the case of El
Chichén, r g from particle counts is somewhat smaller than
from the other methods.

All these results, however, appear to conflict with the signif-
icantly larger particle radii that are implied by the small angu-
lar size of Bishop’s ring, a diffuse reddish corona that often
appears around the Sun after a large volcanic eruption. Bish-
op’s ring showed up after the eruptions of Krakatau, Santa
Maria, Ksudach, Katmai, El Chichén, and Pinatubo, as well as
after several other modern eruptions. Since the average size of
Bishop’s ring is virtually an invariant quantity from eruption to
eruption [Stothers, 1996] and is presumed to characterize the
diffraction pattern produced by nearly monodisperse spherical
(Mie) particles, the implied modal particle radius of 0.6-0.8
um [Symons, 1888; Pernter, 1889; van de Hulst, 1957; Deirmend-
Jian, 1973; Asano, 1993; Sassen et al., 1994] poses a real prob-
lem. The phenomenon may imply that the particle size distri-
bution is bimodal or that the conventional interpretations of
Bishop’s ring are incorrect (work of F. E. Volz, as discussed by
van de Hulst [1957]). The slight long-wavelength extinction
excess seen in Figure 8, if real, may indicate the presence of a
second, large-particle mode during at least the summer of
1912. Such a large-particle mode was occasionally detected
with in situ particle counters after the eruptions of El Chichén
[Hofmann and Rosen, 1983; Knollenberg and Huffman, 1983;
Oberbeck et al., 1983; Snetsinger et al., 1987] and of Pinatubo
[Pueschel et al., 1994; Jonsson et al., 1996].

An additional dip in atmospheric transmission at Mount
Wilson occurred between mid-July and mid-August 1908. Al-
though comparable in size to two other drops during the same
season, and spectrally sloped like a volcanic aerosol curve, this
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dip is interesting as having possibly been due to fragments of
dust from the Tunguska bolide explosion over Siberia on June
30, 1908 [Fesenkov, 1962; Turco et al., 1982]. On the chance
that this was the case, we redid our analysis for 1908, omitting
the July and August data. Results are essentially unchanged, as
7o increased by only 10%.

5. Ratio of Visual to Pyrheliometric
Optical Depth

The wavelength at which the spectrally distributed extinc-
tion, 7,, equals the pyrheliometric extinction, 7, will be des-
ignated Ap,,. As the slope of the 7, curve steepens, Ap,, can be
expected to drop. Evaluating the Angstrém power law expo-
nent, ¢, in 7, « A~ by a least squares solution over the range
A = 0.5-0.8 um, we display the expected drop of A, in Figure
9 and in Table 2. Notice that A, does not stray too far above
or below a mean value of 0.77 um, and in fact equals 0.8-0.9
wm for « = 1, supporting what was previously little more than
conjecture [Volz, 1975; Stothers, 1996].

A natural consequence of the decline of A, with increasing
a is that the ratio, k, of the visual and pyrheliometric optical
depths becomes effectively constant. Averaging the four values
derived here for the years 1903-1904, 1907 (May), 1912, and
1913 (all in Table 2), we obtain k = 1.56 = 0.04, confirming
preliminary estimates [Volz, 1970, 1975; Stothers, 1996]. This
solid result improves on the more commonly adopted assump-
tion k = 1, valid for a “grey” dust veil [Dyer and Hicks, 1968;
Pollack et al., 1976; Bryson and Goodman, 1980; Sato et al.,
1993].

Note that 7. also declines with increasing « (Table 2), as
would be expected on purely theoretical grounds [Lacis and
Mishchenko, 1995].

0.8

Apyr(pm) L4

0.7 _

0.6 | } | !

2.0 — .

1.0 ! | | 1
[¢] 0.5 1.0 1.5 2.0 2.5

Figure 9. Wavelength at which the spectrally distributed ex-
tinction equals the pyrheliometric extinction, Ay, (upper plot),
and the ratio of visual extinction toopyrheliometric extinction,
k (lower plot), as a function of the Angstrém power law expo-
nent, a, in 7, « A~ % The cases exhibited refer to the volcani-
cally perturbed years 1903-1904, 1907 (May), 1912, and 1913.
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6. Conclusion

The APO spectral and pyrheliometric measurements of at-
mospheric transmission made early in this century retain their
usefulness today. The main conclusions derived from the
present analysis of them using a new inversion method are as
follows:

1. After an initial buildup period of a few wecks, the ef-
fective radii of stratospheric aerosols created by the eruptions
of Katmai (1912) and Santa Maria (1902) remained close to 0.3
pm for at least 2 years. This near constancy of 7. resembles
what was observed later after El Chichdén (1982). The growth
of effective particle radius after Ksudach (1907) to 0.4-0.5 um
in about 1 year was much like the behavior seen after Pinatubo
(1991).

2. Volcanic aerosol extinction as determined from pyrhe-
liometric measurements is found to be equal to the spectrally
distributed extinction for a wavelength of A, ~ 0.8 um, if 74
~ 0.3 pm.

3. After a large volcanic eruption the visual optical depth
perturbation exceeds the pyrheliometric optical depth pertur-
bation by a factor of £k = 1.6, at least if r.y =~ 0.3 um.
Although the optical depth perturbation in 1908 was too small
for a highly accurate determination of k, it does suggestk = 2.5 =
0.8 (10), which is not significantly different from & = 1.6.

4. The present results for r ¢ and k support the previously
adopted numerical parameters of a formula that was derived to
yield the mass of a volcanic aerosol cloud, given measurements
of its pyrheliometric optical depth [Stothers, 1996]. Cloud mass
estimates produced in that study are thus confirmed, insofar as
they depend on the present evaluation of the microphysical
quantities. These results for r 4, together with the measured
optical depths and the observed latitudinal coverage of the
aerosol clouds, are nearly all that is needed now to study
climate forcing by these clouds [Lacis et al., 1992; Lacis and
Mishchenko, 1995].

The number of very large volcanic eruptions about which
information on the effective radii of aerosols is available has
been approximately doubled by the present study. The two
largest recent eruptions have obviously produced very typical
aerosols. Indeed, the variation of effective particle radius
among all the different eruptions is surprisingly small. This
conclusion imposes useful constraints on any chemical and
physical processes that may be suggested to build up these
aerosols.

Appendix

Provided that tractable functional forms are adopted as rea-
sonable approximations for Q(x) and n(r), it is possible to
integrate the basic equation (2) for 7, analytically. For each
assigned refractive index, we represent the exact Q(x) over the
domain 0 = x = x,, by a polynomial of degree I:

O(x) =qx + gx* + -+ - + gux'.

Here g, = 0, because Q(0) = 0. Although a Lagrange
polynomial interpolation formula for a total of I chosen points
might be thought acceptable for finding the coefficients in
(Al), that approach usually produces spurious maxima and
minima in the fitted approximation to the exact function. Even
a polynomial fitted by least squares does not completely solve
the difficulty. Therefore we proceed instead by fitting (A1) for
J (J < I) points in such a way that the slope at I — J of these

(AD)
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points is made to be identically zero. These points of zero slope
are taken at the major maxima and minima of the exact func-
tion (the minor wiggles of the exact function can be ignored).
The formal slope equations are

0=gq,+2gx+ -+ Iqx". (A2)

(A1) and (A2) thus together form a set of I linear equations,
representable in matrix form as

Q=Xgq

where the column vector Q has J elements equal to the chosen
QO(x) values and I — J elements equal to zero. X is a square
I X I matrix. The solution vector for the unknown g; is

q=X"Q.

In practice, points to be fitted are chosen to lie where the exact
function has major maxima and minima, with some additional
points selected so that, for example, one point might fall on
each major rising or declining branch of the exact function. For
accuracy, the whole computation should be performed in dou-
ble-precision arithmetic. A typical fit is shown in Figure 6.

A convenient choice for n(r)/N is the unimodal lognormal
distribution, which often provides a crudely acceptable match
to observed stratospheric particle distributions that have been
determined from in situ measurements after modern volcanic
eruptions:

(A3)

(A4)

n(r)/N = Q2m) "2 (r In o) 7

cexp[ — (Inr— Inr)¥%(2 In* o). (A5)

Here r, is the mode of the particle radii, and o, is the geo-
metric standard deviation. The lognormal distribution pos-
sesses the useful property that its moments for r are separable
in 7, and exp (In? o,) and contain only simple powers of these
quantities:

(" = f” Fn(r)/N]dr =r?exp [(n%2) In® 0,]. (A6)
0

With these assumptions, (2) integrates to

I

7= NH D, n2m/AP g2 exp [ + 2)* (In? 0v)/2). (A7)

i=1

To infer ry, o1, and NH from observations of T,, we use the
following procedure. With a selected pair of trial values (r,
o), the above sum is computed for each observed wavelength.
Denote the sum S(A, ry, ;). The formal residual at each
wavelength is then computed as the difference between the

observed and predicted optical depth perturbations:
d()\) = (T/\)obs_ S()\a a0 Ul)NH' (AS)

The unknown quantity NH can be estimated from (A8) by the
method of least squares for all K wavelengths. The rms resid-
ual, s, follows from the computed variance

[x

This represents the measure of goodness of fit for each pair of
trial values (r,, o).

(A9)

K
ﬁ:{Edum

k=1
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It is possible to obtain a complete solution very quickly on a
digital computer. For example, the needed powers of the three
separate components (A, r;, and exp (In? o,)) appearing in
(A7) can be initially computed and stored for all of the ob-
served A and for all of the assigned trial values of r, and o,.
Subsequently, these stored quantities can be multiplied to-
gether as needed to derive all of the sums S(A, 7y, 0,). A
two-dimensional grid of s values in (r,, o) space can be
rapidly generated, in which the smallest value of s indicates the
best fit solution. If other trial solutions seem to be nearly as
good, this fact can be readily gathered from a glance at the
grid. Since, in practice, the inversion of (2) is almost never
unique, useful information is obtainable by generating a full
grid, a point that has often been ignored in the search for a
solution which may actually be only marginally the best fit.

One drawback to the present method is that, to be useful, a
high order must be avoided in the polynomial representation
of Q(x). The formal power series (Al) tends to be of alter-
nating type and approximates the exact function only inside the
fitted domain of x. For x > x,,, the fitted function diverges
positively or negatively depending on the sign of the coefficient
of the highest term in the polynomial. If / is large, the diver-
gence will be very rapid. In the present method, each term in
the computed series for 7, also contains a multiplicative factor
exp [(i + 2)? (In? 0,)/2). This factor grows exponentially with
increasing (i + 2)2, restricting the use of the method to
moderate values of o, in order to avoid a short-wavelength
divergence of the computed values of 7,. Such a divergence is
caused by the fact that a larger value of o, implies the existence
of relatively more particles at large radii in the tail of the
particle size distribution. If particle numbers do not fall off
rapidly enough, any errors in the polynomial representation of
Q(x) at large x will exert a magnified effect when (2) is inte-
grated over the radius. A test of whether the fitted O(x) is
adequate or not will be described below.

To check the accuracy of the method, a test case consisting
of the inversion of a typical Stratospheric Aerosol and Gas
Experiment IT (SAGE II) satellite data set was performed. The
SAGE II instrument measures aerosol extinction at four wave-
lengths: 0.385, 0.453, 0.525, and 1.02 uwm. The data set used
here was obtained on November 30, 1984, and refers to an
altitude for the extinction of 19.5 km. This is the data set used
by Wang et al. [1989] in an illustration of their method of
retrieval of the parameters for an assumed lognormal particle
size distribution, based on actual numerical integration of (2)
using precise Q(x) values. Since most of the stratospheric
aerosols existing in 1984 had been generated by the eruption of
El Chichén in March 1982, Wang et al. adopted a set of
wavelength-dependent refractive indices appropriate for sulfu-
ric acid in a cold water solution. We approximate their multiple
refractive indices by a single average value, m = 1.45 — 0i.
We also represent Q(x) by two different polynomials, with
even ] and odd I, in order to verify that the computed 7, values
have negligible sensitivity to a negative or positive ultraviolet
divergence. Like Wang et al., we find only one true minimum
value of the rms residual in (r,, o) space. Our approximate
solution yields r; = 0.26 um and o, = 1.28, which agrees very well
with their more accurate result r; = 0.25 um and o, = 1.32. Note
that the incurred error is considerably smaller than the irreducible
uncertainty arising from the SAGE II measurement errors.

In principle, if n(r)/N were known from accurate in situ
particle counts or could be assumed, one might invert (2) to
find empirically the wavelength dependence of Q(x) for sul-
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furic acid aerosols. This approach would be analogous to that
used in the inversion of observations of solar limb darkening,
in which one assumes the radiative source function and em-
pirically infers the wavelength dependence of the extinction
(absorption) coefficient for the negative hydrogen ion [Woolley
and Stibbs, 1953].
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