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ABSTRACT

Neutrino pair emission from coherent electron excitations (transverse plasmons) in a hot, dense stellar
plasma is calculated for a regime of temperatures and densities relevant to stellar evolution. Detailed
numerical results are presented for temperatures in the range 4 X 10°-5 X 108 ° K and densities in the
range 104~10% gm/cm3.

I. INTRODUCTION

A coupling of electron and neutrino pairs is implied by almost all models which de-
scribe the weak Fermi interactions of elementary particles. Although there has not yet
been any direct experimental detection of such an electron-neutrino coupling, it is a
necessary consequence of the apparent existence (Brookhaven 1963) of an intermediate
heavy charged boson in 3-decay. Moreover the form and magnitude of the resulting
electron-neutrino interaction are unambiguously determined. The strength of the coupling
is characterized by the small Fermi constant

A

me2c’

g~3.08X 1012

where m, is the electron mass; its form is analogous to the interaction of electromagnetic
radiation with the electron current. An accelerated electron can then radiate a neutrino
(v)-antineutrino (p) pair with the same matrix element as that for electromagnetic radia-
tion but with greatly reduced probability. For example in an atomic transition of energy
E the probability R,; for radiation of vy, relative to R,, that for radiating a photon, is
only

&zN_giE‘_Nlo_m( E )4. o

R, eh5ch m, 2

The probability for emitting a pp pair rises rapidly with energy (in this case, like E7)
but even an electron-positron pair will annihilate into yp rather than a pair of gamma
rays only about once in 10% times.

An extremely strong energy dependence is characteristic of all mechanisms for radi-
ating pp pairs: an electron moving with frequency w in a classical circular orbit of radius
R radiates electromagnetic waves, gravitational waves, and neutrino pairs with powers,
P, that follow from simple dimensional considerations:

e
.P‘y N?i R2w4 ’ (2)
Gm 2Riwb
Pgroy~ —36—5-— (quadrupole), ®3)
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and

~ g2_R2w8

vy 7 8 (4)

At low frequencies neutrino pair processes are entirely negligible. For a double star in
which each member has a different electron molecular weight, the center of electron
charge rotates about the fixed center of mass, but the neutrino pair radiation is smaller
by perhaps eighty orders of magnitude than the small quadrupole radiation of gravita-
tional waves. High frequencies (v > 10'® ~ 1 keV), sufficient for significant yp radiation
by electrons, are available only on the microscopic scale where electrons are strongly
accelerated by photons or intimate collisions.

Mechanisms for the radiation of yy pairs by electrons within a star include the
following:

(a) y+e—et+v+ (photoneutrinos)
(Ritus 1962; Ida and Vahara; Chiu and Stabler 1961)

(b) e+et—rv+4yp, (pair annihilation neutrinos)
(Chiu and Morrison 1960; Chiu 1961)

(©) ¢ + Coulomb field e+ v+ », (neutrino bremsstrahlung)
(Gandel’man and Pineau 1960)

(d) v + Coulomb field = » + », (photonuclear neutrinos)
(Rosenberg 1963; Matinyan and Tsilosani 1962)

(e) y+y—=yv+rv+vp, (van Hieu and Shabalin 1963)
() plasma excitation — » 4 p. (plasma neutrinos)

(Adams, Ruderman, and Woo 1963).

Processes (a), (b), and (f) are the dominant ones in those regimes of density and temper-
ature typical of stellar interiors (Reeves 1963). Photo and pair annihilation neutrino
emissions have exact analogues in Compton scattering and the two-photon annihilation
of an electron-positron pair. The main contribution to process (d) arises from the elec-
tron current associated with a transverse (E perpendicular to k) electromagnetic wave
moving through the plasma.

II. PLASMA NEUTRINOS

Plasma neutrino emission has been calculated by Adams, Ruderman, and Woo (1963)
for any medium whose dielectric constants are known functions of frequency and wave-
number. The relevant dielectric constants have also been evaluated for an electron gas
which may be relativistic and degenerate. For a plasma frequency w, such that (Zw,)?
<K 4(my?)? the relevant transverse dielectric constant is well approximated by

2
e‘=1—%, ©)
with
47 e? pret moc?
2 = —
wo mgfdpf(p)(l 3E3) B, (6)

Here f(p) is the momentum distribution function for the electrons and

Ep = (P262 + me2c4)1/2 . 7
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The dielectric constant of equation (5) leads to a greatly simplified neutrino pair emis-
sivity Q; (erg/sec/cm?):

0, =59 _ fk2dk(ewﬂ—1)-1 )

127%¢2¢5

with @ = (w2 4+ k22)'2 and B = (k7). The function Q; computed from equations
(6) and (8) is given as a function of density and temperature in Section III.

The form of equation (8) can be inferred in a rather straightforward way from equa-
tion (5). For a transverse electromagnetic wave in a plasma with the dielectric constant
the dispersion relation is

W=k (1 — ew? = k2 + wsl. (9)

Therefore such waves, when quantized, behave as if they were relativistic particles of
mass fiw,/ %, and they are energetically unstable against the decay into a neutrino pair.
If  is the decay rate for such a particle at rest, its decay rate when moving is decreased
by the usual relativistic time dilatation to (rw,/w) and its rate of production of »y becomes
(rwo/w)hiw = rhw,. Thus the total neutrino emissivity per unit volume is

k2dk
(27)3

The integral is just the total number of “photons’ of mass per unit volume in a canonical
Einstein-Bose distribution. We need only calculate the pp emission 77w, caused by the
oscillating electric field with w = w, and infinite wavelength (¢ = 0). When & = 0 this
mode is identical to the usual plasma oscillation; the accelerated electrons oscillating
in phase with frequency w,, amplitude x, and acceleration w.,*x coherently radiate neu-
trino pairs. But because of the finite neutrino wavelength A\, ~ ¢/w, all of the electrons
in a large volume Q can not radiate as if they constituted a single highly charged particle.
Rather only those electrons in a cube of volume ~(),)? effectively radiate coherently.
Then from a large volume @ with electron density #, the total rate of neutrino energy
emission P can be estimated from equation (4):

Qi~rhw,87 | ———=(efo— 1)1, (10)

22w lx Q
O TR et w
with
¢
y = (12)
Wo

The additional kinetic energy of the oscillating electrons is 3mw,22*#Q. This energy to-
gether with an equivalent average potential energy must total %w, when the oscillation
amplitude is quantized to correspond to a single quantum of excitation (plasmon). Thus

mw 22nQ = fiw, . (13)

The combination of equations (11), (12), and (13) yields P for a single plasmon at rest,
1.e., hwe:

2
n
ﬁworw% (.004%'. (14)
But
wl ~ 4mrnet/m , (15)
so that
2 w 6
Fwor N%—Z —2‘35- (16)

Equations (16) and (10) yield equation (8).
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III. EXACT CALCULATION OF THE TRANSVERSE EMISSIVITY
a) Introduction

In Section II it was shown that the rate of loss of energy in neutrino pairs due to
decay of transverse plasmons is

Qi=2g'(3ren) 1 (2m) 70,0 D, [ exp(—nBw) ktdk . (am
1 0

The units are % = m, = ¢ = 1. Here g = 3.08 X 107 is the weak couphng constant;
w is given by the dispersion relation for the transverse plasmons, w? = w2 + £%; and

= 462pp3/(37TEF) (18)

is the plasma frequency. Of course 8 = 1/(ksT). We take p, = 2.
We define a function §(x) of x alone by

F(x) = Efmexp[ —nx coshé ]sinh? & cosh §dE . (19)
1 0

By considering the dispersion relation and equation (17) one sees that
Q: = 288QGme)™ (2m)° wo® F(Bwo) , (20)
and we may note that the expression for the number density of a gas of bosons at zero

chemical potential is

N 1 /mc

T=2 (2 ssmen. @n

Apart from care in handling the conversion of units we need then only discuss the cal-
culation of §(x).
b) The Function §(x)

1. Small (x < 0.5) values of the argument.—It is shown in the Appendix that for
x < 27 there exists an expansion of 2*§(x); note

$(3) =2 (1/n).

Truncating it,

§(x) = 20() +3 e =22 In 24+ D)+ oot In

—t.%s—iln 2—z+n 2“+[ §<(22>)]§x 1

For x = 0.5 this gives a result which differs from that obtained by summing the Hankel
series (see subsection 2 below) by one part in 10%. It will also be seen that by taking
only the constant term in the square brackets, and using equation (20), we get just the
equation preceding equation (28) in Adams ef al. (1963).

(22)
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2. Intermediate and large values of the argument (x > 0.5).—Chandrasekhar (1957)
gives a result (p. 398, eq. [252] and [248]) that, omitting the minus signs and A, since we
have bosons at zero chemical potential, reads

[eo)

M
%(x)=2&(_nx_)=zé_(_@_x_), (23)

“~  px e~ px
where K,(z) is the modified Bessel function of the second kind, of order 2. The criterion
for the choice of M is discussed in subsection 3. The series equation (23) is a Hankel
series, similar to a Dirichlet series, and converges for all x, albeit very slowly for small x:
(see Greenwood [1941]) Note that for small &, Ks(§) = 2/£% so that substituting this
expression in equation (23) we get again

for small x, just what one obtains by taking only the geroth-order term in braces in
equation (22).

For large &, on the other hand, Kq(¥) = (7/2£)2¢7% and if we take only the first
term of equation (23), using this expression as an approximation for it, we get F(x) =~
(w/2)2x32¢== for large x.

If one uses this last plus equation (20) one gets just the equation preceding equation
(29) in Adams et al. (1963).

3. Error terms—For equation (22), the small argument form, it is shown in the
Appendix that the lowest order neglected term is O(«® In x). The coefficient multiplying
this term will be quite small.

For equation (23), the intermediate and large form, we break off the sum when

Ky(Mx)
Mx —<10

—6 Ky(x)
s

By approximating, for large M, the remainder term by

Kalw) 1 f= Kalna) y 1K GEE D) 1 KaGfn),
n=M+1 nx X Jm+1/2 n X (M"—%)x X M.’)C

we find that the error is less than (1/x) X 1078 times the first term This is for the range
0.5-3, since for larger values we have no need of many terms.

¢) Conversion of Unils

The dimensions of Q, are erg/cm?®/sec. In the units in which equation (20) is given,
units of energy, length, and time are m.c?, #/m.c, and %/m.c? respectively. Thus Q, in
c.g.s. units is

Mo C2 1

0= G Sy ) (mc®)

_2_ —12)2 1
| 5% 137.04X (3.08X 10 )(27)3]

(24)
fiw,
Mm,c?

X( e )9 & (Bhw,) =1.228 X 1022(

m,c?

) § (80,
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where now all dimensioned quantities are in c.g.s. units. In c.g.s. units
1
pré= 37!'2NAVOM— p=32n*Navop .
[

Thus in c.g.s. units
7 \2 —1/2
#agt = 2r (5 )Y 14+ (52) (372 Wav00) ] ™" Wavo

62
m,c2

P

or
Biw, = 3.265 X 1071 (1 4 6.413 X 1075 p2/3)—1/4 pl/2 | (25)

where now all dimensioned quantities are in c.g.s. units,
In c.g.s. units
7.244 X108

B= T, '

(26)

where T'7 is the temperature in units of 107 ° K.
Using equations (25) and (26) in equation (24) we can compute Q; for given values of
p and T. Of course
Q:

ge="".

Table 1 gives ¢, as a function of p and 7.

APPENDIX
CALCULATION OF »*%(x) FOR SMALL «
Put # = x cosh £ in equation (19); then

1/2

BF (%) = n’dn. 27)

By splitting the integral

x3%(x)=fo 1n2d'n—f 1ndn—7x2f e,,l_ldn
+ [l (1-5) - 143 Bwan,

or
VBF(x)=2¢(3) —ar(x)+322In(1—e—2) 4 as(x). (28)
Now
z B
ar(x) = f [1=4n+ &= n*+0(n®) |ndn
’ (29)
=Za?— 12+ Fext — O («")
for x < 2m.
An elementary calculation gives
I (1 —e) = §a2Inx — fa® + Fgat — O(x%) . (30)
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The calculation of as(x) is quite lengthy; we begin by splitting the integral again:

ar(x) = =gt 7 L L1 0(0)

en— 1

4 1 22\1/2 , 2t
+fx e"——l[(l 5 1+§;—2]ndn (31)

» 1 d
= =3 ([T 75 5 e aala) +00a),

Put 9¢ = «x; then

(er— 1) -tntdn = £(e— 1)1 G
and
1
sy =t 21— gy g S
1 2 B x4 Bn 2n
L IR S R O R T
at

SRR RC R ORER S T3N3

where we require

—§—<27r or A< 2w,

Integrating term by term, we get

as(2) = %, (x) — 3201 (x) +gwiby(x) — 22 2%0u(2) + . ..

(32)
Bn
— Jn+1 2n+-2
+( ) (Zn)‘x bzn(x)‘l—... ’
where
1 dt
= —_ — 1$21 2>
bn(x) = [ [(1—g)— 141l
These integrals are elementary; in particular
bo(x) =%1—1In2+ L (x/4)2+0(x*), (33)
%
bi(x) = —%-i——ls—Z—I—O(x:"), (34)
ba(e) =3 In G+ —3In2+0(s2), 39
ba(x) = —F(x/A4)2+0(In x); (36)
and for n > 2
bon(2) = —m s () H0(at) o
WAF) =T @e=\1/) T
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Substituting equations (33)-(37) into equation (32), we get
1 1
as(%) = (2—11n 2)4? x3—|-1x4lnx+[ s s In 4
B, -
+L2(§ % 4'16 +...4+(=) A2 (38)

(2n)! 8(2n—2)
+.. .]x“‘—l—O(x6 In ).

Substituting equations (29), (30), and (31) into equation (27), and using equation
(38), we get
3F(x) =208) + 32 Inx — 12 In 2+ 1)a? 4 Fex In x — 39(4)x* + O(*® In %) , 39)

where

© 1 dn 1 1
Q(A)=_/;1 o1t ppTi T A+A(n2-1)
(40)
B, 2 — Yn+1 By, 2n—2
~ A+ A=) (zn)z(zn—z)A +..

g(A) is, of course, a constant; it is, however, a bit difficult to evaluate. We will use the
relations
o]

11 1 1 i 2 1
- 1= —_—= —_—
s NS TERY 214n21r2—|—t2+t2' “n

Using the first of equations (41) we find on integrating by parts

Y a1 i_l _ (o1 a1
fA In t[dt(ZtCOch ]‘” L =1 E g
+1/(24)4+(1/12)In A+0(A21n4) (42)

. ~ e 2 (L om i ] In2—1
+9(4) =q(0)= »/0. lnt[dt(ZtCOch ]d T

Substituting the second of equations (41) into equation (42), and using the absolute and
uniform convergence of the series (Knopp 1963) we obtain

9(0) = 2—3) =4 " tlnt(~(4M2+ﬂ)2 d

(43)
= 4> B(2um),
n=1

where

_ [ xhw
B = [ gy 0
Putting x® = y, we get (de Haan 1963)

©= Iny 1 |
B(&)=1[ (B =t () =g g
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By using this in equation (43),

1 - 1
g(0)— & (In2~1) =2>:(27)—51n(2n1r)

ne==] ”
1 ~1 , ~=lnn
But
= 1 e
> ()=t =%,
and
In# d ~~ _ nn /
2 e e I
So
_ 1 3 _?'(2))
q(O)—12(1n2 141n2rx () ) (45)
Using this in equation (39)
BF(2)=20)+32’nx—§{(2In 2+ )2+ Latlna
£(2) e
—§-1€<ln2—i+ln27r——§f-(—§—)— #+0(2%In x) .
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